In a very simple stock market, made by only two initially equivalent traders, we discuss how the information can affect the performance of the traders. More in detail, we first consider how the portfolios of the traders evolve in time when the market is closed. After that, we discuss two models in which an interaction with the outer world is allowed. We show that, in this case, the two traders behave differently, depending on i) the amount of information which they receive from outside; and ii) the quality of this information.
I Introduction and motivations
In a series of papers, [1] - [4] , one of us (FB) has shown how the Heisenberg time evolution used for quantum mechanical systems can be adopted in the analysis of some simplified stock markets. After these original applications, the same tools were also used for rather different macroscopic systems. A recent monograph on these topics is [5] . In the cited papers and in [5] the role of information was, in a certain sense, only incorporated by properly choosing some of the constants defining the Hamiltonian of the system we were considering.
On the other hand, the other author (EH), following the original idea of [6] , considered the role of information for stock markets, [7] - [8] , mainly adopting the Bohm view to quantum mechanics, where the information is carried by a pilot wave function Ψ(x, t), satisfying a Schrödinger equation of motion, and which, with simple computations, produces what is called a mental force which has to be added to the other hard forces acting on the system, producing a full Newton-like classical differential equation.
In this paper we try first to incorporate the effect of this mental force at a purely quantum mechanical level. After that, we consider a simplified stock market, which, to simplify the notation, we consider with just two traders τ 1 and τ 2 , describing what happens before the trading begins, i.e. in the phase in which the information begins to circulate in the market, and is used by the traders to decide their next moves. The rationale for focusing on the way information can influence valuation of portfolios is a very important topic in finance and economics. We stress that it is the modeling of the information which is at the heart of the problem in such valuation exercises. We believe this paper shows that tools from quantum mechanics can aid in a very valuable way to this modeling challenge.
It may be worth stressing that our analysis continues a nowadays rather rich literature on the role of quantum mechanics in economics, see [9] - [14] for instance, which shows that an increasing number of researchers believe that some of the aspects of a real stock market could be described by adopting tools and ideas coming from quantum mechanics. We should stress that, in our knowledge, the first paper where such a connection between quantum mechanics and finance appeared is [15] , where the authors suggested that non commuting operators are really needed in the description of a realistic market to prevent exact knowledge of the price of a share and of its forward time derivative. See also [12] . These two quantities, in [12] and [15] , were associated to operators having the same commutation rule as the position and the momentum operators in ordinary quantum mechanics, and therefore obey an uncertainty principle. Furthermore, there is scope to argue that for instance the central concept of non-arbitrage in finance has connections with hermiticity in quantum mechanics. Baaquie [12] has shown that the hamiltonian of the Black-Scholes equation is not hermitian. This non-existence of hermiticity is narrowly related to the absence of arbitrage (the existence of a martingale). Clearly, hermiticity on itself is not making anything quantum mechanical as such, but it is still an important argument. There are other interesting arguments, such as the way hidden variable theory can connect with the (non-observable) state prices, in again, the non-arbitrage theorem. See [16] Finally, we also want to mention that in the context of decision theory, notably in the resolving of some expected utility paradoxes, the use of quantum probability is very promising. Those paradoxes lie at the base of many economics/finance models. We document those achievements in [16] . In essence, the use of quantum mechanical techniques into social science revolve really around formalizing information. See [5] .
The paper is organized as follows: in the next section we briefly discuss how the pilot wave function can be incorporated in our Heisenberg-like dynamics. Then, in Section III we introduce a first model of a closed market, where the information (or, in our setting, the lack of information, LoI in the following) will behave as the other operators, i.e., it will be described by ordinary two-modes bosonic operators. In Section IV we replace these operators with two families of bosonic operators, describing sources and sinks of information which modify, in the way described below, directly the portfolios of the traders. In Section V, finally, we consider a more complete model where the outer world contributes in the definition of the strategies of the traders in a more realistic way, i.e. by contributing to the information of the traders, rather than being the information by itself. Section VI contains our conclusions.
II Some preliminaries
In FB's approach to stock markets the maybe crucial ingredient of the model is the Hamiltonian operator H which is taken to describe the system. In [5] several useful rules have been proposed to fix the expression of H. We need now to incorporate in H the effect described by the pilot wave function, extending, for instance, what is discussed in [17] . See also [6] . Let us recall here the essential steps: the main ingredient is the (twodimensional, in our case) pilot wave function, Ψ(q 1 , q 2 ), which evolves in time according to the Schrödinger equation of motion
where and m have a suitable economics based meaning 1 , [6] and [17] , and V (q 1 , q 2 ) is the potential due to the hard economics based effects. Then, calling R(
, and U(q 1 , q 2 )
produces the mental forces affecting the traders:
Please note the definition of this new potential is not foreign to physics but is squarely steeped into Bohmian mechanics (which is a particular interpretation of quantum mechanics). The key references are [18] and [19] . Finally, if we call π j (t) the value of the portfolio 2 of τ j , its time evolution is driven by the following classical (Newtonian-like) differential equation:π
, with obvious notation. Hence, the time evolution of π j (t) is governed by hard factors (f j ) as well as by the financial mental force g j , [6, 17] .
What is important for us is the potential U(q 1 , q 2 ), which represents, in some sense, the fact that τ 1 and τ 2 are reached by two, in general different, amounts of information. Therefore it is natural to assume that U(q 1 , q 2 ) = U 1 (q 1 ) + U 2 (q 2 ), with U 1 and U 2 , in general, different functions of their arguments. In this way we can model, quite simply, the fact that
and, quite importantly from a technical point of view, the quantum-like Hamiltonian constructed out of this potential can be viewed as the sum of two one-body Hamiltonians, [20] . Just to fix the ideas, the Hamiltonian for the market will contain a contribution like this:
for closed systems, or having a slightly more general expression for open systems. Here Ω 1 and Ω 2 are positive numbers, while i j 's are bosonic operators (i.e. [i j , i † k ] = 1 1δ j,k ). This is exactly the kind of contribution one has for a two particle systems in ordinary quantum theory, when the free energies of the particles are expected to be different.
Remark:-It should be stressed that when we use above and in the sequel of this paper the terms closed or open systems, this terminology should be taken with a certain care. In fact, we call a system closed when the information is described by a two-modes bosonic operator, obeying the commutation rules above. In other words, information, cash and shares are operators exactly of the same kind. This will be made more explicit in the next sections. However, since we expect the information comes from outside the market, it would probably be more appropriate to speak of absence of reservoir.
The above remark is related to another interesting aspect of the models proposed here, which somehow look different from those considered in [1] - [4] . In these former papers, the cash and the number of shares of the traders were assumed to be constant in time: the shares are not created or destroyed, for instance. Here, on the contrary, we allow for such a possibility, so that bankruptcy can be discussed within our present scheme. Moreover, we are not even assuming that the cash is only used to buy shares, so that it needs not to be preserved in time, as well. However, we will see in the next sections that other observables will be constant, and we will see that these observables do have a clear economical meaning, indeed.
As already anticipated, in this paper we will be essentially interested not in the interaction between the traders, but rather in the effect of the outer world in preparing the system, i.e. in fixing the initial status of the various traders after they have been reached by the information but before they start to trade. For this reason, if we call H f ull = H + H ex the Hamiltonian describing the traders and the information, and if with H ex we mean that part of H f ull describing the exchanges between τ 1 and τ 2 , see [5] , we will only be interested here in H. It is like if we are considering two different time intervals: in the first one, [0, t 1 ], the two traders, which are indistinguishable at t = 0, receive a different amount of information. This allows them to react in different ways, so that, at time t 1 , they are expected to become different. In this interval, H f ull coincides with H. For t > t 1 , the two traders have been prepared in different ways, and the Hamiltonian is now H ex (plus, in general, a free contribution). In other words, we could think of writing H f ull = H +Θ(t−t 1 ) H ex , where Θ(t) = 1 if t > 0, while Θ(t) = 0 otherwise. Since, in this paper, we will only be interested in the first time interval, [0, t 1 ], the role of H ex will not be very relevant here. We will say more on H ex in our conclusions. This approach has also a quite useful technical consequence: there is no real need, at this stage, to introduce the price of the share and to consider its dynamical behavior. This becomes really important, of course, when transactions are considered, not before. For this reason, in this paper, the price of the shares (just a single kind of shares!) will be fixed to be one. Again, we will say more on this in Section VI.
III A first model with no reservoir
The first model we want to consider is described by the following Hamiltonian:
The following canonical commutation relations (CCRs) are assumed:
where 1 1 is the identity operator. All the other commutators are zero. The meaning of these operators is widely discussed in [5] : s j destroys a share in the portfolio of τ j , see below, while s † j creates a share. The operators c j and c † j respectively lower and rise the amount of cash of τ j . Finally, i † j increases the LoI of τ j , while i j decreases it 3 . Therefore, the meaning of H inf is the following: whenever the LoI decreases (because of i j ), the value of the portfolio operator of τ j ,π j :=Ŝ j +K j 4 , increases (because of
Of course, since H inf also contains the adjoint contribution i † j (s j + c j ), if the LoI increases, thenπ j decreases.
It is not hard to check that, callingM j :=Ŝ j +K j +Î j =π j +Î j , the following is true: [H,M j ] = 0, j =, 1, 2. Consequently, even if the cash and the shares are not separately preserved, the sum of the portfolio and the LoI of each trader (and therefore of the whole market) stays constant. This has an economical meaning: whenever the LoI increases, it is natural to imagine that the value of the portfolio of the related trader should decrease, while having more information means having more chances to increase one's wealth. And this is exactly what the commutativity between H andM j implies.
The equation of motion for τ j can be easily deduced using the Heisenberg equation of motionẊ(t) = i[H, X(t)]. We find thaṫ
where
The solution can be written as
The state of the system, at t = 0, is assumed to be ϕ G := ϕ S 1 ,K 1 ,I 1 ,S 2 ,K 2 ,I 2 , which, see [5] , can be constructed by a vacuum ϕ 0 , c j ϕ 0 = s j ϕ 0 = i j ϕ 0 = 0, j = 1, 2, acting with 3 Although it is important to stress the relation between LoI and entropy, we do not take it up in this paper. We thank one of the referees for pointing this out. There exists an interesting relationship between the average quantum potential and Fisher information. This was proposed in [21] . See also [22] . 4 Observe that, since the price of the share is one, this is the sum of the cash of τ j and the value of his shares.
powers of the raising operators c † j , s † j and i † j , and normalizing the result. The vector ϕ G describes a market in which, at t = 0, τ 1 possesses S 1 shares, K 1 units of cash, and is affected by a LoI equal to I 1 . Similarly for τ 2 . The time evolution of the cash of τ j is deduced by computing N K j (t) := ϕ G , c † j (t)c j (t)ϕ G . Analogously, the number of shares are given by N S j (t) := ϕ G , s † j (t)s j (t)ϕ G . The value of the portfolio of τ j is just the sum of N K j (t) and N S j (t):
In the previous analysis carried out by one of us (FB), it was suggested that the parameters of the free Hamiltonians influence significantly the interacting system, while they play no role if no interaction occurs. The same conclusion also follows from the analysis carried out here. To put in evidence this aspect, it is better to choose τ 1 completely equivalent to τ 2 : hence we fix, first of all, S 1 = S 2 , K 1 = K 2 , I 1 = I 2 . This means that the initial conditions of the two traders are identical. Moreover, we also ask that λ inf = 0.5 (just to fix the ideas) and that ω the Hamiltonian for τ 1 is identical to the one for τ 2 . This implies that the matrix T j in (3.4) for the two traders are equal: T 1 = T 2 and, clearly, the portfolios of the two traders coincide during their time evolution: π 1 (t) = π 2 (t) =: π(t). What appears interesting to us is that the higher the values of ω s and ω c , the smaller the amplitude of the oscillations of the portfolios: as in very different systems, [5] , in this simple situation, the parameters of the free Hamiltonian behave as a sort of inertia for the traders, restricting more and more the widths of the oscillations. In Figure 1 we plot π(t) for S 1 = 30, K 1 = 15 and I 1 = 5, and for ω s = ω c = 20, Ω 1 = Ω 2 = 3 (left), and for ω s = ω c = 2, Ω 1 = Ω 2 = 3 (right). We see in both cases oscillation of π(t), but the range (and the frequencies) of the oscillations are quite different in the two cases. Let us now consider the case in which the two traders, originally (i.e. at t = 0) prepared in the same way (S 1 = S 2 = 30, K 1 = K 2 = 15, I 1 = I 2 = 5), are no longer completely equivalent: again we put ω 
In particular, in Figure 2 we plot π 1 (t) (left) and π 2 (t) (right) for the choices ω s = 1, ω c = 2, Ω 1 = 5 and Ω 2 = 1. In Figure 3 the parameters are ω s = 1, ω c = 2, Ω 1 = 10 and Ω 2 = 1. We see again that, increasing Ω 1 produces a smaller amplitude of oscillation (bigger inertia) and a larger frequency. In fact, it is also evident from Figures 1-3 that the omega's affect the (pseudo-)frequencies of the functions π j (t): it seems that a larger loss of information induces more frequent changes in portfolio values.
From both figures it is evident how the values of the free Hamiltonian do in fact play a relevant role in the time evolution of the interacting system. This is interesting since, if we take λ inf = 0, then both π 1 (t) and π 2 (t) turn out to stay constant in time: no information ⇒ no action! Rather than considering other aspects of this model, we consider now a different, and more interesting Hamiltonian, based on the idea that the LoI is related to the outer world surrounding the traders (the rumors, the news, facts, etc.).
IV The reservoir is the information
The Hamiltonian we are interested in here is simply a generalized version of that introduced in the previous section. The main difference is that the two pairs of lack-ofinformation operators, (i 1 , i † 1 ) and (i 2 , i † 2 ), are replaced by two families of similar operators, labeled by the real numbers: (i 1 (k), i † 1 (k)) and (i 2 (k), i † 2 (k)), where k ∈ R could be viewed as a wave number, satisfying the commutation rules
all the other commutators being zero. The Hamiltonian is now
Once again, the model admits some integrals of motion:M j :=Ŝ j +K j +Î j =π j +Î j , whereπ j =Ŝ j +K j is, as before, the portfolio operator for τ j andÎ j = RÎ j (k) dk is its full LoI. The existence of these integrals of motion have the same economical meaning we have already discussed in the previous section, and this will not be repeated here.
The Heisenberg equations of motion for the operators of τ j can be easily found:
We will solve this system under the simplifying assumption that ω s j = ω c j =: ω j . This is technically convenient, since in this case the system above can be replaced by the simpler set of equations
It is well known how to proceed in this case, [5] : we first rewrite the second equation in integral form, and then we replace this formula in the first equation above. Now, assuming that Ω j (k) = Ω j k for some positive Ω j , and recalling
and that, for suitable g(t),
, after some standard computations we deduce that
Here we have defined the function
What we are interested in, as in the previous section, is, first of all, the mean value of K j (t) = c † j (t)c j (t) on a state . over the whole system, i.e. a state over the traders and their reservoirs. For each operator of the form X sm ⊗ Y res , X sm being an operator of the stock market and Y res an operator of the reservoir, we have
Here ϕ G is defined in analogy with the vectors introduced in the previous section, ϕ G = ϕ S 1 ,K 1 ,S 2 ,K 2 , while ω res (.) is a state satisfying the standard properties, [5] ,
for a suitable function N (I) j (k). Also, ω res (i j (k)i l (q)) = 0, for all j and l. Then we find
where we have introduced, in analogy with
. Using now the fact that s j (t) = c j (t) + e −iω j t (s j (0) − c j (0)), we can also deduce the time evolution of N S j (t), which turns out to be
It is now easy to deduce the asymptotic behavior of the portfolio π j (t) = N K j (t) + N S j (t). After some computation, and assuming that N (I)
is constant in k, we deduce that
The integral can be computed using standard complex techniques, and we end up with the following result
In our idea, this conclusion is not particularly meaningful, since it states that between τ 1 and τ 2 , the one who is better prepared, is the one who starts with a smaller portfolio and for which the associated reservoir has a larger value of N What it is not very satisfying to us is the fact that, apparently, the parameters of H do not play any role in the behavior of the portfolios of the traders, at least on a long time scale. This suggests that the model should be improved further, and this is in fact the content of the next section.
V The reservoir generates the information
This section is devoted to a different, and probably more interesting model where the reservoir, rather than being directly linked to the LoI, is used to generate the information reaching the traders. More in detail, the Hamiltonian is
whereR j (k) = r † j (k)r j (k),Ŝ j ,K j andÎ j are defined as in Section III, and the following CCRs are assumed,
all the other commutators being zero. The reservoir is described here by the operators r j (k), r † j (k) andR j (k), and it is used to model the set of all the rumors, news, and external facts which, all together, create the final information. This Hamiltonian contains a free canonical part H 0 , while the two contributions in H int respectively describe: (i) the same mechanism considered in Section III: when the LoI increases, the value of the portfolio decreases and vice-versa; (ii) the LoI increases when the "value" of the reservoir decreases, and viceversa. Considering, for instance, the contribution i j r † j (k) in H int we see that the LoI decreases (so that the trader is better informed ) when a larger amount of news, rumors, etc. reaches the trader. Once again, no interaction between τ 1 and τ 2 is considered in (5.1), since this is not the main aim of this paper.
As in the previous models, some self-adjoint operators are preserved during the time evolution. These operators areM j =Ŝ j +K j +Î j +R j =π j +Î j +R j , j = 1, 2. Here the only new operator, with respect to those introduced in Section III, isR j = R r † j (k)r j (k) dk. Then we can check that [H,M j ] = 0, j = 1, 2. This implies that what is constant in time is the sum of the portfolio, the LoI and of the reservoir input of each single trader. Once again, there is no general need, and in fact it is not required, for the cash or the number of shares to be constant in time.
The Heisenberg differential equations of motion can now be easily deduced:
In the previous section, to simplify the treatment, we required that ω s j = ω c j . However, also in view of the results we have deduced, we will avoid making this assumption now. We do not give the details of the solution of this system here, details which can be deduced by [5] . We just discuss the main steps. First of all, we rewrite the last equation in its integral form:
and we replace this in the differential equation for i j (t). Assuming that Ω (r)
j k, and proceeding as in the previous section, we deduce that
In the rest of this section we will work under the assumption that the last contribution in this equation can be neglected, when compared to the other ones. In other words, we are taking λ inf to be very small. However, our procedure is slightly better than simply considering λ inf = 0 in H above, since we will keep the effects of this term in the first two equations in (5.2). Solving now (5.3) in its simplified expression, and replacing the solution i j (t) in the first equation in (5.2), we find:
where we have defined
It is clear from (5.2) that a completely analogous solution can be deduced for c j (t). The only difference is that ω s j should be replaced everywhere by ω c j . The states of the system extend those of the previous section: for each operator of the form X sm ⊗ Y res , where X sm is an operator of the stock market and Y res an operator of the reservoir, we have
Here ϕ G is of the form ϕ G = ϕ S 1 ,K 1 ,I 1 ,S 2 ,K 2 ,I 2 , exactly as in Section III, while ω res (.) is a state satisfying again
for a suitable function N (r) j (k), as in Section IV. Also, ω res (r j (k)r l (q)) = 0, for all j and l. Then N S j (t) = s † j (t)s j (t) assumes the following expression: 5) where N I j (0) = i † j (0)i j (0) = I j and N S j (0) = S j are fixed by the quantum numbers of ϕ G . The expression for N K j (t) = c † j (t)c j (t) is completely analogous to the one above, with ω s j replaced by ω c j , and the portfolio of τ j , π j (t), is simply the sum of N S j (t) and N K j (t). What we are interested in, is the variation of π j (t) over long time scales:
Formula (5.5) shows that, if γ j is small enough, the integral contribution is expected not to contribute much to δπ j . For this reason, we will not consider it in the rest of the section. We now find
Let us now recall that, at t = 0, the two traders are equivalent:
2 and the initial conditions are S 1 = S 2 , K 1 = K 2 and I 1 = I 2 . The main difference between τ 1 and τ 2 is in Ω 1 which is taken larger than Ω 2 : Ω 1 > Ω 2 5 . With this in mind, we will consider three different cases:
In other words, we are allowing a different interaction strength between the reservoir and the information term in H. Let us consider the first situation (a): γ 1 = γ 2 and Ω 1 > Ω 2 . In this case it is possible to check that δπ 1 < δπ 2 , at least if
Notice that these inequalities are surely satisfied in our present assumptions if Ω 1 and Ω 2 are sufficiently larger than ω c and ω s . In this case the conclusion is, therefore, that the larger the LoI, the smaller the increment in the value of the portfolio. Needless to say, this is exactly what we expected to find in our model. Exactly the same conclusion is deduced in case (b): γ 1 > γ 2 and Ω 1 > Ω 2 . In this case the two inequalities produce the same consequences: we are doubling the sources of the LoI (one from H 0 and one from the interaction), and this implies a smaller increment of π 1 . Case (c): γ 1 < γ 2 and Ω 1 > Ω 2 , is different. In this case, while H 0 implies that τ 1 is less informed (or that the quality of his information is not good enough), the inequality γ 1 < γ 2 would imply exactly the opposite. The conclusion is that, for fixed Ω 1 and Ω 2 , there exists a critical value of (γ 1 , γ 2 ) such that, instead of having δπ 1 < δπ 2 , we will have exactly the opposite inequality, δπ 1 > δπ 2 . We should remind that these conclusions have been deduced under two simplifying assumptions which consist in neglecting the last contributions in (5.3) and in (5.5). Of course, to be more rigorous, we should also have some control on these approximations. However, we will not do this here.
As we see, this model is realistic and more than reasonable. Moreover, it might be 5 The case Ω 1 < Ω 2 can be easily deduced, by exchanging the role of Ω 1 and Ω 2 .
worth to stress that in all the models considered in this paper, since the two traders do not interact with each other but only with the information, there is absolutely no need to limit the system to a simple two-traders stock market. In other words, as far as we are interested in the preliminary phase of the market, the interval [0, t 1 ] introduced in Section II, we can easily extend all our models and our conclusions to larger markets, with an arbitrarily large number of traders.
VI Conclusions
In this paper we have proposed several models to incorporate the role of the information in a simplified, quantum-like, model of a stock market. In particular, we have considered what happens before the traders begin to interact, i.e. in a phase where the traders, identical at time t = 0, begin to experience some information coming from inside the system (Section III) or from some surrounding world (Sections IV and V). Each one of the proposed models produce an interesting dynamical behavior, and the last one, in particular, appears to be quite promising for a deeper analysis.
The natural Step 2 of our research would consist in the analysis of what happens to the traders of a market prepared as, say, in Section V, when they start to interact, i.e. to buy and sell shares. Of course, the natural choice of the exchange Hamiltonian H ex introduced in Section II is the following, see [5] ,
which describes the fact that τ 1 buys a share from τ 2 , and pays for that (the first term) or that the opposite happens (second term). Notice that, in H ex , we are implicitly assuming that the price of the share is one. Of course, a more interesting model should also contain some reasonable dynamics for the price of the shares. This is very hard, and it is also part of our future plans. This paper also shows that by using tools from quantum mechanics we are able to formalize information dynamics in a macroscopic setting. The work presented here indicates that even with the use of such tools, the economic intuition remains robust: i.e. the loss of information level affects the incremental value of portfolios and this conclusion is maintained under the scenarios that γ 1 ≥ γ 2 . When interaction between traders is set into action in a forthcoming paper, the role of i) the level; and ii) the type of the interest rate will be able to be taken into account. A related consequence of allowing for transactions between traders to occur, will be to investigate how the loss of information can affect the potential existence of arbitrage in transactions. Given that the (non) existence of arbitrage plays such a fundamental role in the allowable use of the risk free rate of interest and the pricing of assets, we may well be in a position to specifically link the level of loss of information (maybe via a treshold value) with the (non) existence of arbitrage. Hence, if such a relationship were to exist, then extensions on the approach presented in this paper, can provide for a proper vehicle to better model the concept of arbitrage altogether.
